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Near-field radiative heat transfer and van der Waals friction between closely spaced
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We study the radiative heat transfer and the van der Waals friction between graphene and an
amorphous SiO2 substrate. We study the surface phonon-polaritons contribution to the low-field
mobility as a function of temperature and of carrier density. We find that the electric current
saturate at a high electric field, in agreement with experiment. The saturation current depends
weakly on the temperature, which we attribute to the “quantum” friction between the graphene
carriers and the substrate optical phonons. We calculate the frictional drag between two graphene
sheets caused by van der Waals friction, and find that this drag can induce a high enough voltage
which can be easily measured experimentally. We find that for nonsuspended graphene the near-field
radiative heat transfer, and the heat transfer due to direct phononic coupling, are of the same order
of magnitude at low electric field. The phononic contribution to the heat transfer dominates at high
field. For large separation between graphene and the substrate the heat transfer is dominated by
the near-field radiative heat transfer.
PACS: 47.61.-k, 44.40.+a, 68.35.Af
Introduction. Graphene, the recently isolated single-layer carbon sheet, consist of carbon atoms closely packed in
a flat two-dimensional crystal lattice. The unique electronic and mechanical properties of graphene1,2 is being actively
explored both theoretically and experimentally because of its importance for fundamental physics, and for possible
technological applications3. In particular, a great deal of attention has been devoted to the applications of graphene
for electronics and sensoring1,3.
Graphene, as for all media, is surrounded by a fluctuating electromagnetic field due to the thermal and quantum
fluctuations of the current density. Outside the bodies this fluctuating electromagnetic field exists partly in the form
of propagating electromagnetic waves and partly in the form of evanescent waves. The theory of the fluctuating
electromagnetic field was developed by Rytov4–6. A great variety of phenomena such as Casimir-Lifshitz forces7,
near-field radiative heat transfer8, non-contact friction9–12, and the frictional drag in low-dimensional systems13,14,
can be described using this theory.
In the present paper we apply the theories of the near-field radiative heat transfer and the van der Waals friction
to study the electric transport properties, and the heat generation and dissipation in graphene, mediated by the
fluctuating electromagnetic field. The charge carriers in graphene absorbed on, or located close to, a substrate
experience a friction due to interaction with substrate. This friction affects the graphene carrier mobility and leads
to the heat generation. The existing microscopic theories15,16 involve several fitting parameters, while our theory is
macroscopic. In this theory the electromagnetic interaction between graphene and a substrate is described by the
dielectric functions of the materials which can be accurately determined from experiment.
The development of more powerful microelectronic devices results in increasing dissipated power (per unit volume),
and developing structures with smaller heat production and better cooling strategies, is one of the “grand challenge” of
modern electronics17. The heat generated in microelectronic devices leads to elevated device operation temperatures,
performance reduction, and ultimately to hardware failures. The three classical mechanisms of heat transfer are
convection, conduction, and radiation. The former is not important in existing circuit architecture having no fluid or
gas flowing inside.
Graphene interact very weakly with most substrates mainly via van der Waals forces. According to theoretical
calculations18 the thermal contact conductance due to the direct phononic coupling for the interface between graphene
and a perfectly smooth (amorphous) SiO2 substrate is αph ≈ 3 × 10
8Wm−2K−1, and according to experiment19 (at
room temperature) the thermal contact conductance ranges from 8×107 to 1.7×108Wm−2K−1 (however, these values
are probably influenced by the substrate surface roughness).
At large separation d ≫ λT = kBT/h¯ the radiative heat transfer is determined by the Stefan-Boltzman law,
according to which α = 4σT 3. In this limiting case the heat transfer between two bodies is determined by the
propagating electromagnetic waves radiated by the bodies, and does not depend on the separation d. At T = 300K
this law predicts the (very small) thermal contact conductance, α ≈ 6 Wm−2K−1. However, as was first predicted
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FIG. 1: Two bodies moving relative to each other will experience van der Waals friction due to Doppler shift of the electro-
magnetic waves emitted by them.
theoretically8, and recently confirmed experimentally20,21, at short separation d≪ λT , the heat transfer may increase
by many orders of magnitude due to the evanescent electromagnetic waves; this is often referred to as photon tunneling.
Particularly strong enhancement occurs if the surfaces of the bodies can support localized surface modes such as surface
plasmon-polaritons, surface phonon-polaritons, or adsorbate vibrational modes10,22. In two recent experiments20,21
the thermal contact conductance between a silica plate and a silica sphere was measured from 30 nm separation out
to few micrometers. Heat transfer across the plate-sphere gap causes the cantilever to bent very slightly, and this was
measured by optical fiber interferometry.
The theory of the radiative heat transfer developed in Ref.8 is only valid for bodies at rest. A more general theory
of the radiative heat transfer between moving bodies, with arbitrary relative velocities, was developed in Ref.12. This
theory can be applied to calculate the radiative heat transfer between carriers (moving with the drift velocity v) in
graphene and the substrate. According to theory10, for the graphene-SiO2 interface the maximum of the contribution
of the radiative heat transfer to the thermal contact conductivity is αmax ∼ (kBT )
2n/h¯, where n is the concentration
of carriers in graphene. At room temperature and n ≈ 1013cm−2 this gives αmax ∼ 10
7Wm−2K−1. However this
estimation does not take into account that the charge carriers in graphene are moving relative to the substrate.
Relative motion of charge carriers in graphene corresponds to an effective increase in the temperature difference
between graphene and substrate, what leads to an increase in thermal contact conductance. Thus, for nonsuspended
graphene the thermal contact conductivity due to near-field radiative heat transfer, and due to direct phononic
mechanism, can be of the same order. However for suspended graphene, the main contribution results from radiative
heat transfer since this process exhibit a much weaker distance dependence than for the phononic contribution.
The radiative heat transfer is closely connected with the van der Waals friction. This friction is due to the Doppler
effect. Assume that a graphene sheet is separated from the substrate by a sufficiently wide insulator gap, which
prevents particles from tunneling across it. If the charge carriers inside graphene move with velocity v relative to
the substrate, a frictional stress will act on them. This frictional stress is related to an asymmetry of the reflection
amplitude along the direction of motion; see Fig. 1. If the substrate emits radiation, then in the rest reference frame
of charge carriers in graphene these waves are Doppler shifted which will result in different reflection amplitudes. The
same is true for radiation emitted by moving charge carriers in graphene. The exchange of “Doppler-shifted-photons”
will result in momentum transfer between graphene and substrate, which is the origin of the van der Waals friction.
Theory. Let us consider graphene and a substrate with flat parallel surfaces at separation d ≪ λT = ch¯/kBT .
Assume that the free charge carriers in graphene move with the velocity v ≪ c (c is the light velocity) relative to
other medium. According to Ref.9–12 the frictional stress Fx acting on charge carriers in graphene, and the radiative
heat flux Sz across the surface of substrate, both mediated by a fluctuating electromagnetic field, are determined by
Fx =
h¯
π3
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where ni(ω) = [exp(h¯ω/kBTi − 1]
−1 (i = g, d), Tg(d) is the temperature of graphene (substrate), Ri is the reflection
amplitude for surface i for p -polarized electromagnetic waves, and ω± = ω ± qxv. The reflection amplitude for
graphene (substrate) is determined by13
Rg(d) =
ǫg(d) − 1
ǫg(d) + 1
, (3)
where ǫg(d) is the dielectric function for graphene (substrate).
In the study below we used the dielectric function of graphene, which was calculated recently within the random-
phase approximation (RPA)23,24. The small (and constant) value of the graphene Wigner-Seitz radius rs indicates that
it is a weakly interacting system for all carries densities, making the RPA an excellent approximation for graphene
(RPA is asymptotically exact in the rs ≪ 1 limit). The dielectric function is an analytical function in the upper
half-space of the complex ω-plane:
ǫg(ω, q) = 1 +
4kF e
2
h¯vF q
−
e2q
2h¯
√
ω2 − v2F q
2
{
G
(
ω + 2vFkF
vF q
)
−G
(
ω − 2vFkF
vF q
)
− iπ
}
, (4)
where
G(x) = x
√
1− x2 − ln(x+
√
1− x2), (5)
where the Fermi wave vector kF = (πn)
1/2, n is the concentration of charge carriers, the Fermi energy ǫF = γkF =
h¯vFkF , γ = h¯vF ≈ 6.5 eVA˚, and vF is the Fermi velocity.
The dielectric function of amorphous SiO2 can be described using an oscillator model
25
ǫ(ω) = ǫ∞ +
2∑
j=1
σj
ω20,j − ω
2 − iωγj
, (6)
where parameters ω0,j, γj and σj were obtained by fitting the actual ǫ for SiO2 to the above equation, and are given
by ǫ∞ = 2.0014, σ1 = 4.4767 × 10
27s−2, ω0,1 = 8.6732 × 10
13s−1, γ1 = 3.3026 × 10
12s−1, σ2 = 2.3584 × 10
28s−2,
ω0,2 = 2.0219× 10
14s−1, and γ1 = 8.3983× 10
12s−1.
The equilibrium or steady state temperature can be obtained from the condition that the heat power generated by
friction must be equal to the heat transfer across the substrate surface
Fx(Td, Tg)v = Sz(Td, Tg) + αph(Tg − Td), (7)
where the second term in Eq. (7) takes into account the heat transfer through direct phononic coupling; αph is the
thermal contact conductance due to phononic coupling.
Results. At small velocities (v ≪ vF ) the friction force depends linearly on v: Fx = Γv, where the friction
coefficient Γ is determined by
Γ =
h¯
2π2
∫ ∞
0
dω
(
−
∂nd(ω)
∂ω
)∫ ∞
0
dqq3e−2qd
ImRd(ω)ImRg(ω)
| 1− e−2qdRd(ω)Rg(ω) |2
(8)
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FIG. 2: The role of the interaction between phonon polaritons in SiO2 and free carriers in graphene for graphene field-effect
transistor transport. The separation between graphene and SiO2 is d = 3.5A˚. (a) Dependence of the low-field mobility on the
temperature. Concentration of charge carriers n = 1012cm−12. (b) Dependence of the low-field mobility on the concentration
of charge carriers n for Td = Tg = 300 K. (c) Current density-electric field dependence at T = 0 K, n = 10
12cm−12. (d) The
same as in (c) but for different temperatures.
The low-field mobility can be described using Matthiessen’s rule
µ−1 = µ−1int + µ
−1
ext, (9)
where µint is the intrinsic mobility due to scattering of the graphene free carriers against the acoustic and optical
phonons in graphene, and µext is the extrinsic mobility due to scattering against the optical phonons in the substrate.
According to the theory of the van der Waals friction µext = ne/Γ. Scattering of the graphene carriers by the acoustic
phonons of graphene places an intrinsic limits on the low-field room temperature mobility given by µ = 200000cm2/Vs
at the carriers density 1012cm−2 26. However, for graphene on SiO2 the mobility of the graphene carriers is reduced
to µ = 40000cm2/Vs. This reduction must result partly from interface imperfections, and partly from scattering of
the graphene carriers from the optical phonons of the SiO2 substrate.
Fig. 2a shows the calculated dependence of the low-field mobility on the temperature, due to scattering from
the optical phonons in SiO2. The calculations were performed using the theory of the van der Waals friction. The
mobility is characterized by a strong temperature dependence. At room temperature the calculated mobility µ ≈
3 × 105 cm2/Vs, which is approximately one order of magnitude larger than the mobility calculated in Ref.16. This
indicates that for graphene adsorbed on SiO2 the main contribution to the low-field mobility comes not from scattering
from the optical phonons in SiO2, but from scattering from point defects on the interface.
Fig. 2b shows the dependence of the mobility at Td = 300 K on the charge density n. The mobility monotonically
decreases when the concentration of charge carriers increases. Figs. 2c and 2d show the dependence of the current
density on the electric field at n = 1012cm−2, and for different temperatures. In obtaining these curves we have used
that J = nev and neE = Fx, where J and E are current density and electric field, respectively. Note that the current
density saturate at E ∼ 0.5 − 2.0V/ µm, which is in agreement with experiment27. The saturation velocity can be
extracted from the I −E characteristics using Jsat = nevsat, where 1.6 mA/µm is the saturated current density, and
with the charge density concentration n = 1012cm−2: vsat ≈ 10
6m/s. Fig. 2c was calculated at Td = 0 K. At zero
temperature the van der Waals friction is due to quantum fluctuations of charge density, and is determined by the
second term in Eq. (2)9–12,28
Fx(Td = Tg = 0) = −
h¯
π3
∫ ∞
0
dqy
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0
dqx
∫ qxv
0
dωqxe
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FIG. 3: A schematic diagram of a drag experiment. A current J1 is passed through layer 1, and a voltmeter is attached to
layer 2 to measure the induced electric field E2 due to the inter-layer interaction.
The existence of “quantum” friction is still debated in the literature29–31. The theory9–12,28 predicts that a solid moving
relative to another experiences a force due to quantum fluctuations, that is opposite to the direction of motion. The
van der Waals friction can be studied in non-contact experiments, and in frictional drag experiments10,11. In both
these experiments the solids are separated by a potential barrier thick enough to prevent electrons or other particle
with a finite rest mass from tunneling across it, but allowing the interaction via the long-range electromagnetic field,
which is always present in the gap between bodies. In non-contact friction experiments the damping of cantilever
vibrations is typically measured, while in frictional drag experiments a current density is induced in one medium. The
friction between the moving charge carriers and nearby medium gives rise to a change of I −E characteristics, which
can be measured.
The friction force acting on the charge carriers in graphene for high electric field is determined by the interaction
with the optical phonons of the graphene, and with the optical phonons of the substrate. The frequency of optical
phonons in graphene are a factor 4 larger than for the optical phonon in SiO2. Thus, one can expect that for graphene
on SiO2 the high-field I − E characteristics will be determined by excitations of optical phonons in SiO2. According
to the theory of the van der Waals friction10,11, the “quantum” friction, which exist even at zero temperature, is
determined by the creation of excitations in each of the interacting medium, the frequencies of which are connected
by vqx = ω1+ω2. The relevant excitations in graphene are the electron-hole pairs which frequencies begining from zero,
while for SiO2 the frequency of surface phonon polaritons ωph ≈ 60meV. The characteristic wave vector of graphene is
determined by Fermi wave vector kF . Thus the friction force is strongly enhanced when v > vsat = ωph/kF ∼ 10
6m/s,
in the accordance with numerical calculations. Thus the measurements of the current density-electric field relation of
graphene adsorbed on SiO2 give the possibility to detect “quantum” friction, what has fundamental significance for
physics.
An alternative method of studying of the van der Waals friction consists in driving an electric current in one metallic
layer and studying of the effect of the frictional drag on the electrons in a second (parallel) metallic layer (Fig. 3).
Such experiments were first suggested by Pogrebinskii32 and Price33, and were performed for 2D-quantum wells34,35.
In these experiments, two quantum wells are separated by a dielectric layer thick enough to prevent electrons from
tunneling across it, but allowing inter-layer interaction between them. A current density J1 = n1ev is driven through
layer 1 (where n1 is the carrier concentration per unit area in the first layer), see Fig. 3. Due to the inter-layer
interactions a frictional stress σ = Γv will act on the electrons in layer 2 from layer 1, which will induce a current
in layer 2. If layer 2 is an open circuit, an electric field E2 will develop in the layer whose influence cancels the
frictional stress σ between the layers. Experiments34 show that, at least for small separations, the frictional drag
can be explained by the interaction between the electrons in the different layers via the fluctuating Coulomb field.
However, for large inter-layer separation the frictional drag is dominated by phonon exchange36.
Similar to 2D-quantum wells in semiconductors, frictional drag experiments can be performed (even more easy)
between graphene sheets. Such experiments can be performed in vacuum where the contribution from phonon exchange
can be excluded. To exclude noise (due to presence of dielectric) the frictional drag experiments between quantum wells
were performed at very low temperature (T ≈ 3 K)34. For suspended graphene sheets there are no such problem and
frictional drag experiment can be performed at room temperature. In addition, 2D-quantum wells in semiconductors
have very low Fermi energy ǫF ≈ 4.8× 10
−3eV34. Thus electrons in these quantum wells are degenerate only for very
low temperatures T < TF = 57 K. For graphene the Fermi energy ǫF = 0.11eV at n = 10
12cm−2, and the electron
gas remains degenerate for T < 1335 K.
At small velocities the electric field induced by frictional drag depends linear on the velocity, E = (Γ/ne)v = µ−1v,
where µ is the low-field mobility. For h¯ω ≪ ǫF and q ≪ kF the reflection amplitude for graphene is given by the same
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FIG. 4: Frictional drag between two graphene sheets at the carrier concentration n = 1012cm−2. (a) Dependence of friction
coefficient per unit charge, µ−1 = Γ/ne, on the separation between graphene sheets d. (b) Dependence of electric field induced
in graphene on drift velocity of charge carriers in other graphene sheet at the layer separation d = 1 nm. (c) The same as in
(b) but at d = 10nm.
expression as for a 2D-quantum well10:
Rg = 1 +
h¯ω
2kF e2
(11)
Substitution of Eq. (11) into Eq. (8) gives
Γ = 0.01878
h¯
d4
(
kBT
kF e2
)2
(12)
Fig. 4a shows the dependence of the friction coefficient (per unit charge) µ−1 on the separation d between the sheets.
For example, E = 5×10−4v for T = 300 K and d = 10 nm. For a graphene sheet of length 1 µm, and with v = 100m/s
this electric field will induce the voltage V = 10 nV. Figs. 5b and 5c shows the induced electric field-velocity relation
for high velocity, with d = 1nm (b) and d = 10nm (c).
As discussed above, for graphene on SiO2 the excess heat generated by the current is transferred to the substrate
through the near-field radiative heat transfer, and via the direct phononic coupling (for which the thermal contact
conductance α ≈ 108Wm−2K−1). At small temperature difference (∆T = Tg − Td ≪ Td), from Eq. (7) we get
∆T =
Fx0v − Sz0
αph + S′z0 − F
′
x0v
(13)
where Fx0 = Fx(Td, Tg = Td), Sz0 = Sz(Td, Tg = Td),
F ′x0 =
dFx(Td, Tg)
dTg
∣∣∣
Tg=Td
, S′z0 =
dSz(Td, Tg)
dTg
∣∣∣
Tg=Td
The thermal contact conductance is given by
α =
Sz(Td, Tg) + αph∆T
∆T
≈
(αph + S
′
z0)Fx0v − Sz0F
′
x0v
Fx0v − Sz0
(14)
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FIG. 5: Radiative heat transfer between graphene and SiO2. (a) The dependence of the ratio between the total heat generated
by current and the radiative heat flux, on electric field. n = 1012cm−2, d = 3.5A˚, αph = 1.0 × 10
8Wm−2K−1 (b) Dependence
of graphene temperature Tg on the electric field. The substrate temperature Td = 300 K. Parameters are the same as in (a).
(c) Dependence of the thermal contact conductance on the separation d for low electric field, αph = 0.
From Eq. (14) it follows that the thermal contact conductance can be strongly enhanced when Fx0v ≈ Sz0. Fig. 5a
shows the ratio of the total heat generated by the current to the radiative heat flux. For low field this ratio ∼ 2 so
that in this case both radiative heat transfer and phononic heat transfer give contributions of the same order. The
phononic mechanism of heat transfer dominates for high electric field. For high electric field the equilibrium graphene
temperature due to self-heating depends linear on the electric field (see Fig. 5b) in contrast to the low-field case
where this dependence is quadratic. This can be explains by the fact that the saturation velocity depends weakly
on electric field; therefore heat, generated by friction, will linearly depend on the electric field. Fig. 5c shows the
dependence of the thermal contact conductance on the separation d for low electric field. At d ∼ 5 nm and T = 300
K the thermal contact conductance, due to the near-field radiative heat transfer, is ∼ 104W·m−2·K−1, which is ∼ 3
orders of magnitude larger than that of the black-body radiation. In comparison, the near-field radiative contact
conductance in SiO2-SiO2 for the plate-plate configuration, when extracted from experimental data
20 for the plate-
sphere configuration, is ∼ 2230W·m−2·K−1 at a ∼30 nm gap. For this system the thermal contact conductance
depends on separation as 1/d2; thus α ∼ 105W·m−2·K−1 at d ∼ 5 nm what is one order of magnitude larger than
for the graphene-SiO2 system in the same configuration. However, the sphere has a characteristic roughness of ∼ 40
nm, and the experiments20,21 were restricted to separation wider than 30 nm (at smaller separation the imperfections
affect the measured heat transfer). Thus the extreme near-field-separation, with d less than approximately 10 nm,
may not be accessible using a plate-sphere geometry. On the other hand suspended graphene sheet has a roughness
∼1 nm37, and measurements of the thermal conductance can be performed from separation larger than ∼ 1 nm. At
such separation one would expect the emergency of nonlocal and nonlinear effects. This range is of great interest for
the design of nanoscale devices, as modern nanostructures are considerably smaller than 10 nm and are separated in
some cases by only a few Angstroms. Another advantage of using graphene for studying the radiative heat transfer
result from the fact that under steady-state condition the heat flow is equal to the heat generated in the graphene by
the current density: Sz = EJ . This quantity can be accurately obtained from I−V characteristics. The temperature
of graphene can be measured accurately using Raman scattering spectroscopy37.
Conclusion. We have used theories of the near-field radiative heat transfer and the van der Waals friction to
study transport, heat generation and dissipation in graphene due to the interaction with phonon-polaritons in the
(amorphous) SiO2 substrate. In contrast with existing theories, based on the semiclassical Boltzmann transport
equation, our approach is macroscopic. In the latter approach all microscopic properties are included in dielectric
functions of material. Explicit formulas were obtained for the low-field mobility, the high-field transport and the
near-field radiative heat transfer between graphene and the substrate. The low-field mobility exhibit a strong tem-
perature dependence, which (according to the theory of the van der Waals friction) is associated with the thermal
fluctuation inside the media. High-field transport exhibit a weak temperature dependence, which can be considered
as manifestation of quantum fluctuations. Thus the study of transport properties in graphene gives the possibility to
detect “quantum” friction, the existence of which is still debated in literature. We have calculated the frictional drag
between graphene sheets mediated by the van der Waals friction, and found that it can induce large enough voltage
to be easily measured experimentally. This effect can be used in electronics and for sensoring. We have shown that
for the low-field heat transfer between graphene and the substrate, both radiative heat transfer and phononic heat
transfer give contributions of the same order. High-field heat transfer is determined by the phononic mechanism. We
have pointed out that graphene can be used to study near-field radiative heat transfer in the plate-plate configuration,
and for shorter separations than it is possible now in the plate-sphere configuration.
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